We construct an universal enveloping algebra associated to the ternary extension of Lie (super)algebras called Lie algebra of order three. A Poincaré-Birkhoff-Witt theorem is proven is this context. It this then shown that this universal enveloping algebra can be endowed with a structure of Hopf algebra. The study of the dual of the universal enveloping algebra enables to define the parameters of the transformation of a Lie algebra of order three. It turns out that these variables are the variables which generate the three-exterior algebra. We construct explicitly groups associated to Lie algebras of order three. An explicit matrix representation of a group associated to a peculiar Lie algebra of order three is constructed considering matrices with entries which belong to the three-exterior algebra.
Introduction
The concept of algebras, that is a vector space A equipped with a binary product m 2 : A ⊗ A −→ A is central in physics. Among them Lie algebras and Lie superalgebras are the cornerstone in the construction of models in particles physics. The former lead to a description of space-time and internal symmetries although the latter give rise to supersymmetric extensions of space-time symmetries. The intensive use of Lie (super)algebras is probably due to the central theorems of Coleman & Mandula [1] and Haag, Lopuszanski & Sohnius [2] which allow to construct theories based on some specific Lie (super)algebras not contradicting the principles of Quantum Theory and Relativity.
On may naturally wonder whether or not some different algebraic structures should play a role in physics. And in particular one may ask if ternary algebras, that is vector spaces A equipped with a ternary multiplication: m 3 : A ⊗ A ⊗ A −→ A should be relevant in the description of some symmetries. Ternary algebras have been considered in physics only occasionally (see for instance [3, 4, 5, 6, 7, 8] and references therein). For some mathematical references one can see [9, 10, 11, 12] . Recently they was some revival of interest in ternary algebras when it has been realised that a ternary algebra defined by a fully antisymmetric product appears in the description of multiple M2-branes [13] .
In [14, 15, 16] an F −ary algebra which can be seen as a possible generalisation of Lie (super)algebras has been considered and named Lie algebra of order F . A Lie algebra of order F admits a Z F −grading (F = 3 in this paper), the zero-graded part being a Lie algebra. An F −fold symmetric product (playing the role of the anticommutator in the case F = 2) expresses the zero graded part in terms of the non-zero graded part. This means that when F = 3 we have two products: one binary and the second ternary. The first algebras constructed along these lines lead to some (infinite-dimensional) extensions of the Poincaré algebra in (1 + 2)−dimensions and turn out to induce a symmetry which connects relativistics anyons [17] . A major progress in the comprehension of those mathematical structures was undertaken when it was realised that finite dimensional Lie algebras of order F could be defined. Subsequently, a specific (finite-dimensional) Lie algebra or order three, leading to a non-trivial extension of the Poincaré algebra, has been studied together with its implementation in Quantum Field Theory [18, 19, 20, 21] . Then, a general study of the possible non-trivial extensions of the Poincaré algebra in (1 + 3)−dimensions has been undertaken in [16, 22] together with a study of possible kinematical algebras of order three [23] .
However, all these mathematical structures have been considered at the level of algebras i.e. at the level of infinitesimal transformations and no groups associated to Lie algebras of order three were considered. At a first glance these two structures seem to be incompatible since for a Lie algebra of order three for some elements only the product of three elements is defined although for a group the product of two elements is always defined. This is rather different to the Lie (super)algebras cases where it is known that Lie (super)groups can be defined. However, on the formal ground it is knows that Lie (super)groups are related to Hopf algebras. Indeed, if G is a simply connected Lie group, there is a duality between U(g) (the universal enveloping algebra of g, the Lie algebra of G) and F (G) (the vector space of complex valued functions on G). This means that F (G) is isomorphic to a subspace of U * (g) (the dual of U(g)). [24, 25] . The purpose of this paper is to show that following the lines of Hopf algebras one is able to define a group associated to a Lie algebra of order three that we may call Lie group of order three (or ternary group) by analogy. Indeed, we will show that it is possible to define an universal enveloping algebra associated to a Lie algebra of order three, and then to endow it with a structure of Hopf algebra. Next the parameters of the group transformations are identified and it turns out that they are strongly related to the three-exterior algebra [26] , that is to the cubic algebra generated by the canonical generators θ i satisfying the defining relation
We finally show that all these structures are amendable to define a group associate to Lie algebra of order three. It is interesting to notice that this leads to some matrix groups where the matrix elements belong to the three-exterior algebra in a straight analogy with the Lie supergroups constructed with Grassmann variables. Furthermore, this matrix construction can be widened in a different (but related) domain. For instance this enables us to construct matrix group upon parafermionic (or more precisely paraGrassmann) variables or upon variables which satisfy q−mutations relations (with q a primitive cubic root of the unity) or q−deformation. The content of the paper is the following. In section two the definition of a Lie algebra of order F , together with some explicit examples are given. It is shown in section three that one can define a universal enveloping algebra associated to a Lie algebra of order three, and a Poincaré-Birkhoff-Witt theorem is established. In section four the universal enveloping algebra is endowed with a Hopf algebra structure. In section five the study of the Hopf dual enables us to define the parameters of the transformation which turn out to be related to the three-exterior algebra. In section six we construct explicitly a group associated to a specific Lie algebra of order three by considering matrices with entries which belong to the three-exterior algebra. Some of the results of this paper was partially given in [27] .
Lie algebras of order F
In this section we recall the definition and some basic properties of Lie algebras of order F introduced in [14, 15] . Some examples useful for the sequel are also given.
Definition and examples of elementary Lie algebras of order three
We consider g a complex vector space and ε an automorphism of g satisfying ε F = 1. The vector space g is decomposed in g = g 0 ⊕ g 1 · · · ⊕ g F −1 where g i is the eigenspace corresponding to the eigenvalue q i of ε. 
For all
i = 1, . . . , F − 1, g i is a representation of g 0 . If X ∈ g 0 , Y ∈ g i then [X, Y ] denotes the action of X on Y for any i = 1, · · · , F − 1.
where S F (g i ) denotes the F −fold symmetric product of g i , satisfying the following (Jacobi) identity 
be a Lie algebra of order F , with F > 1. For any i = 1, . . . , F − 1, the Z F −graded vector spaces g 0 ⊕ g i is a Lie algebra of order F . We call these type of algebras elementary Lie algebras of order F .
In [15] an inductive process for the construction of Lie algebras of order F starting from a Lie algebra of order F 1 with 1 ≤ F 1 < F is given. In this paper, we restrict ourselves to elementary Lie algebras of order three, g = g 0 ⊕ g 1 . Non-trivial examples of Lie algebras of order F (finite and infinite-dimensional) are given in [14, 15] . We now give some examples of finite-dimensional Lie algebras of order three, which will be relevant in the sequel.
Example 2.4 Let g 0 be a semi-simple Lie algebra and g 1 its adjoint representation. Let {J a , a = 1, · · · , dim g 0 } be a basis of g 0 and {A a , a = 1, · · · , dim g 0 } be the corresponding basis of g 1 . Let g ab = T r(A a A b ) be the Killing form and f ab c be the structure constants of g 0 . Then one can endow g = g 0 ⊕g 1 with a Lie algebra of order three structure Definition 2.6 A representation of an elementary Lie algebra of order F is a linear map ρ :
(S F being the group of permutations of F elements). 
3) 3 Universal enveloping algebra of Lie algebras of order three
In this section we construct the universal enveloping algebra associated to an elementary Lie algebra of order three. We also show that some Poincaré-Birkhoff-Witt theorem hold true in this context.
Elementary Lie algebra of order three associated to an associative algebra
Let A be an associative algebra. We denote by L(A) the Lie algebra defined from A by the bracket [a 1 , a 2 ] = a 1 a 2 − a 2 a 1 . We consider the graded vector space L 3 (A) = L(A) ⊕ A. We define the following products
It is easy to prove that these products provide L 3 (A) with a structure of elementary Lie algebra of order three. Indeed, one can check that the Jacobi identity (2.1) is just a consequence of the associativity of the product in A. We call this algebra the elementary Lie algebra of order three associated to the associative algebra A.
Enveloping algebra associated to an elementary Lie algebra of order three
We consider g = g 0 ⊕ g 1 an elementary Lie algebra of order three and denote generically by X (resp. Y ) the elements of g 0 (resp. g 1 ).
Definition 3.1 The universal enveloping algebra U(g) is the quotient of the tensor algebra T (g) by the two sided-ideal generated by
As before, since the tensorial product is associative, it is not necessary to impose the Jacobi identity (2.1) since it is satisfied in T (g). We now state the universal property of U(g). Proof By definition of the tensor algebra, f extends to a morphism of algebrasf from
because f 0 is morphism of Lie algebras. Likewise we havẽ
is the symmetric product. Thenf is trivial on the ideal generated by the relation defining U(g). This proves the existence of ϕ. The uniqueness is due to the fact that g generates the algebra T (g). Q.E.D.
The Poincaré-Birkhoff-Witt theorem
Having defined the universal enveloping algebra, we now establish the Poincaré-Birkhoff-Witt theorem. However, it is necessary to recall firstly some results concerning the n−exterior algebra, that becomes central in this context.
The n-exterior Roby algebras
The n−exterior algebra has been introduced by Roby [26] (see also [8, 28] ). In this section we recall some of the main results of [26] useful for this paper. Let V be a d−dimensional vector space over the field C (or R) and consider
, with S being the symmetrised tensorial product of the tensor v
We consider I(V, n) the two-sided ideal generated by elements of the form σ. Definition 3.3 Let V be a d−dimensional vector space and let I(V, n) be defined as above. The n−exterior algebra is the Z n −graded vector space Λ(V, n) = T (V )/I(V, n).
Remark 3.4 The composition of the natural map V → T (V ) with the canonical projection
gives V ⊂ Λ(V, n) and we identify V with its image under this map. Thus, if we denote {e i , 1 ≤ i ≤ d} a basis of V the algebra Λ(V, n) can be equivalently defined by generators and relations:
with S n the group of permutations with n elements.
thus Λ(V, n) is a Z n −graded vector space. When n = 2, Λ(V, 2) coincides with the usual exterior algebra. But when n > 2, Λ(V, n) is very different from the exterior algebra. Indeed, Λ(V, n) is defined through n-th order relations, and consequently the number of independent monomials increases with polynomial's degree (for instance, (e 1 e 2 ) k , k ≥ 0 are all independent). This means that we do not have enough constraints among the generators to order them in some fixed way and, as a consequence, Λ(V, n) turns out to be an infinitedimensional algebra. In particular if we define
, k ≥ n are not empty and more difficult to characterise.
In order to construct a basis of Λ(V, n), i.e. to specify Λ k (V, n), k ≥ n we need one more definition.
Definition 3.5 We say that the sequence
k the set of k indices which has a rise of length n. Theorem 3.6 (N. Roby [26] ) A basis of Λ(V, n) is given be the set of element e i1 · · · e i k , k ∈ N such that the sequence (i 1 , · · · , i k ) has not a rise of length n i.e.
The sequence I = (i 1 , · · · , i n ) will be called a Roby sequence, and the element e I = e i1 · · · e in a Roby element or a Roby word.
is given by the elements t(e 2 e 1 ) k t ′ , k ∈ N, t, t ′ = 1, e 1 , e 2 [26] . This means that
, the basis is given by e i e j e i , e j e i e i , i < j, e i e i e j , e i e j e i , i > j, e j e k e i , e k e i e j , e i e k e j , e j e i e k , e k e j e i , i < j < k.
Similarly dim Λ 4 (V, 3) = 256.
3.3.2
A Poincaré-Birkhoff-Witt basis of U(g)
Let g = g 0 ⊕ g 1 be an elementary Lie algebra of order three. We denote by the letters X (resp. Y ) the elements of g 0 (resp. g 1 ). Then an element of U(g) is a word written using letters as X α and Y β belonging to the free algebra L(X, Y ) generated by {X 1 , . . . , X p , Y 1 , . . . , Y q }, where p = dim g 0 and q = dim g 1 . We have the following three rules of reduction of a word:
, this rule permits to reduce a word as m(X)m(Y ) where m(X) (resp. m(Y )) contains only X (resp. Y ).
• • 
is not a Roby sequence. In this case, the rule 3 permits to write Theorem 3.8 The universal algebra is generated by a basis of the universal enveloping algebra U(g 0 ) and by a Roby basis of the three-exterior algebra Λ(g 1 , 3). Then, as associative algebra, we have
This result has been conjectured in [15] .
In the usual way, the representations of g are in bijective correspondence with the representations of the associative algebra U(g). Consequently, if I ⊂ U(g) is a two-sided ideal, then the quotient U(g)/I gives a representation of g. If g = g 0 ⊕ g 1 , with g 0 a semisimple Lie algebra, we decompose g in its Borel form
If we assume that some highest weight representation can be obtained since the algebra g is defined by cubic relations, the representation so obtained will be infinite-dimensional. This can be compare with the Roby Theorem 3.6 for the three-exterior algebra. This means that in finite-dimensional representations of g, as in the Example 2.8 the elements of n − are not only nilpotent but also satisfy additional relations and the representation is non-faithful. See [15] for more details. 3 (1, 3) ).
Example : U(iso
We consider the Lie algebra of order three given in Example 2.
the generators of iso(1, 3) (we restrict ourselves to D = 4 since the generic case is analogous), and for any a = (a 1 , · · · , a 10 ) ∈ N 10 set
Consider now
a Roby sequence (see Definition 3.5) and define
From Theorem 3.8, the Poincaré-Birkhoff-Witt basis is given by
Here we denote by 1 the neutral element.
The algebra structure constructed on U(iso 3 (1, 3)) is immediate, and for instance we have:
The multiplication law for X a and X b uses explicitly the commutation relation of the algebra iso(1, 3) and for instance
Hopf structure on U (g)
Let U(g) be the universal enveloping algebra associated to g a Lie algebra of order three. We consider on g a Z 3 −grading coming from the decomposition of the structure of Lie algebra of order three. As g is an elementary Lie algebra of order three, we can consider g 0 with grading 0 and g 1 of grading 1 (or 2, because we work modulo 3). Let q be a cubic primitive root of unity. We consider on U(g)⊗U(g) a structure of algebra given by (a ⊗ c)
where | x | denotes the grading of an homogeneous element x. This associative structure on U(g)⊗U(g) will be denoted by U(g)⊗U(g). The comultiplication
is defined by
for all X ∈ g 0 , Y ∈ g 1 and a, b ∈ U(g). The elements satisfying ∆(u) = 1 ⊗ u + u ⊗ 1 are called primitive. The comultiplication is coassociative
). This last relation comes from the fact that the coproduct ∆ is of degree 0. It satisfies also ∆( Definition 4.1 We call Hopf structure associated to a Lie algebra g of order three, the Hopf structure on the enveloping algebra U(g) given by (∆, ε, S).
Proposition 4.2 If we consider the enveloping algebra U(g)⊗U(g) as a Lie algebra of order three, then
with X ∈ g 0 , G ∈ g and Y i ∈ g 1 and where [, ] U (g)⊗U (g) and {, , } U (g)⊗U (g) denotes the bracket and the symmetric product of the Lie algebra of order three, U(g)⊗U(g).
Proof As U(g)⊗U(g) is a graded associative algebra, we consider the associated structure of Lie algebra of order three. Let us look the second identity. We have ∆(
We deduce
We have to compute the following product
For the crossed terms, we have
Similarly, we prove that
Q.E.D.
As a final remark for this subsection it should be mentioned that these twisted Hopf algebras (defined by a twisted tensorial product) has been introduced by Majid [25] in order to describe q−deformations and braiding structures. He called them anyonic Hopf algebras. It as to be stressed that the structures we are considering have a priori nothing to do with braiding and q−deformations, even if they share some similarities. It should also be mentioned that a different Hopf algebra associated to Lie algebras of order three has been defined in [29] , where the coproduct was defined by the usual tensorial product and the twist (necessary to ensure (4.1)) was generated by an additional element of order three, the grading map ε. In fact these two structures are related by the transmutation theorem that maps an anyonic Hopf algebra to a an (untwisted) Hopf algebra [25] . 1, 4) ) the coproduct is given by
2)
where I ℓ = (µ 1 , · · · , µ ℓ ) ∈ {0, 1, 2, 3} ℓ \ I ℓ,3 and the sum is taken over all complementary subsequences of 
Dual of the Hopf algebra associated to Lie algebras of order three
Having endowed the universal enveloping algebra with a Hopf algebra structure, in order to achieve our goal i.e. to define a group associated to a Lie algebra of order three and to identify the parameters of the transformation, we need now to define its dual.
Associative algebra structure on U(g) *
Let g be an elementary Lie algebra of order three. We have provided U(g) with a Hopf algebra structure, we would like to define now the Hopf dual U(g) * . In the infinite-dimensional case the notion of dual of a Hopf algebra H is more involved. There is in fact two ways to define this notion. In the first approach we restrict to some subset H
• ⊂ H * with the appropriate properties. In the second approach we just focus on the pairing (see e.g. [24, 25] ). Since we were able to construct a PBW basis of U(g), we follow the second approach and we identify the generators of U(g) * . Let us consider a PBW basis of U(g) associated to a basis {X i , Y j } of g. We have seen that such a basis is written as words X I Y J where X I is a PBW word of U(g) 0 and Y J a Roby word. If X I Y J is an element of the basis of U(g), we denote by Ψ IJ the corresponding dual element i.e. with the pairing
To simplify the notations we put α I = Ψ I∅ (i.e. the dual vector of the word X I ), θ J = Ψ ∅J (the dual vector of the Roby word Y J ). Let U(g) * be the dual vector space. The following product
defines an unitary associative algebra structure on U(g) * . In particular we have 1(a) = ǫ(a)
for every a in U(g), where ǫ is the counit of U(g). Moreover, if in the basis Z IJ = X I Y J the coproduct writes
in the dual basis we have
Proposition 5.1 As a vector space we have the following isomorphism,
that is U(g) * is isomorphic to the polynomials in dim g 0 variables times the three-exterior algebra in dim g 1 variables. Moreover {α i , θ j }, i = 1, . . . , dim g 0 , j = 1, . . . , dim g 1 are the generators of the associative algebra U(g) *
Proof
We first prove that the zero-graded part is isomorphic to the set of polynomials. Recall that X ℓℓ = X 2 ℓ 2 and for ℓ < s we have X ℓs = X ℓ X s . Since
Furthermore, by induction we prove that
as soon as i 1 < i 2 < . . . < i p . Then the dual vectors α i , i = 1, . . . , dim g 0 generate the family α I . It is also easy to prove by induction that the product in U(g 0 ) * is commutative. Indeed this last property is simply a consequence of the cocommutativity of the coproduct in U(g 0 ).
We consider now the product in the graded sector. From
for all j 1 , j 2 ∈ {1, . . . , dim g 1 }. We deduce that the dual vectors θ j generate the dual vectors of type θ j1j2 . Now we consider a Roby word Y ℓmn of length 3. This implies that (ℓmn) is a Roby sequence (we have not ℓ ≤ m ≤ n). In this case
This means in particular that
and for j 1 = j 2 = j 3 we obtain
is not a Roby sequence.
These formulae can be unified as follows we have M (θ ℓ , θ mn ) = θ ℓmn + qθ mℓm + q 2 θ mnℓ , but in this last expression we just keep the terms corresponding to Roby sequences. For instance if (ℓmn) is not a Roby sequence we do not have the first term in the sum above. Thus, the dual vectors θ j generate the vectors θ ℓmn with (ℓmn) a Roby sequence. We now show that the vectors θ j generates the three-exterior algebra that is M (θ ℓ , θ m , θ n ) + perm. = 0. We obviously have M (θ j , θ j , θ j ) = 0. (The multiplication in U(g) * is associative since the coproduct in U(g) is coassociative.) For j 1 < j 2 , we have
Finally, assume now that j 1 < j 2 < j 3 (this means that (j 1 j 3 j 2 ), (j 2 j 3 j 1 ), (j 2 j 1 j 3 ), (j 3 j 1 j 2 ) and (j 3 j 2 j 1 ) are Roby sequences although (j 1 j 2 j 3 ) is not a Roby sequence), we have
and thus M (θ j1 , θ j1 , θ j3 ) + perm. = 0. To end the proof in the graded sector, we observe that the coproduct for Roby words of length greater than three is given by the second equation of (4.2) eventually corrected by terms similar to those appearing in the last equation of (4.3) (when in the right hand side there is terms which are not of the Roby type). This means that if one calculates M (θ j1 , θ j2···jn ) two types of terms will be obtained
, where in the previous summation the non-Roby words are excluded; 2. terms of the type above coming from the reduction in the PBW basis of the non-Roby words which appear in the coproduct (4.2).
This means that dual vectors {θ j } j=1,...,dim g1 generate the family θ J , and in particular that < θ J , J Roby sequence > is isomorphic to the three-exterior algebra.
Moreover the non-Roby terms in the coprodruct ∆V J will induce a product which mixes α− and θ−types of terms. This means that we have M (α i , θ j ) = Ψ ij plus possibly some terms involving θ j1j2j3j4 . Then {α i , θ j }, i = 1, . . . , dim g 0 , j = 1, . . . , dim g 1 are the generators of the associative algebra U(g) * . It is important to notice that the variables α i and θ j do not commute. For instance for the algebra iso 3 (1, 3) given in Example 2.5, looking to ∆V 1212 in (4.3) shows explicitly that θ 1 α 1 = α 1 θ 1 . Thus as a vector space we have the following isomorphism U(g) 
Hopf algebra structure on U(g) *
On the associative algebra U(g) * we consider the coproduct
for every f ∈ U(g) * and X, Y ∈ U(g). In the basis < Z IJ > of U(g), the product is given by Z IJ .Z KL = µ IJKL MN Z MN , we have in the dual basis
and the coassociativity is given by
This last identity is just a consequence of the associativity of the product in U(g). This associativity being itself a consequence of the independence of the way we reduce the non-Roby word in U(g 1 ).
However, we have seen that the PBW basis of g 1 (noted B 1 ) is strongly related to the Roby elements Y I , or to the Roby sequences I. This leads to a difficulty. Its is obvious that the set of Roby sequences is not a representation of g 0 . This means that we may obtain results where the g 0 −equivariance is not manifest. For instance, if we consider the words of length three of the type Y 112 , Y 121 , Y 211 (i.e. when two indices are equal) only the last two are of the Roby type (since 1 ≤ 1 ≤ 2). However, if one chooses the cubic elements of B 1 to be Y j1j2j1 , Y j2j1j1 with j 1 < j 2 and Y j1j1j2 , Y j1j2j1 when j 1 > j 2 we will have a result where the g 0 −equivariance will not be manifest. Indeed, it might happen that there is a G 0 (the Lie group of g 0 ) transformation that maps the Roby words Y 121 , Y 211 to Y 212 , Y 122 . But the last word is not a Roby word. To solve this problem, we take a modified Roby basis for which the g 0 −equivariance would be manifest. Namely, we take the words Y j1j1j2 , Y j2j1j1 , j 1 = j 2 to be the modified Roby elements of B 1 . We clearly see that when j 1 = 2, j 2 = 1 the word Y 122 is not a Roby word in the sense originally defined, but is a Roby word in the modified sense. This rule is extended to words of length greater than three. 3 (1, 4) ) * the coproduct is given by
Example 5.3 For U(iso
with f αβ,γ µ and F αβ,γδ µν the structure constant defined in Example 2.5 and x µ , α µν , θ µ the dual vectors of P µ , L µν and V µ respectively.
Finally the antipode and the counit are easily constructed. Indeed, if for a Hopf algebra H we have S(e i ) = s i j e j , the pairing gives for its dual S * (e i ) = s j i e j . The counit of H ⋆ is the unit of H. Thus we have:
Now, using the structure of U(g) * , if we consider g = α i X i + θ j Y j ,with α i ∈ C and θ j grade two elements of Λ (g 1 , 3 ), g becomes a homogeneous element of grade zero. The variables α i and θ j will be called the parameters of the transformation. This means in particular that the formal element e g (for the moment, we do not worry about any convergence problems and e g is defined as a formal series) is a group-like element and we have
However in the formal expression e g several problems are in order. Since we do not have any Baker-CampbellHausdorff formulae for elements of Λ(g 1 , 3), the product of two elements of the type (5.3) is not of the same type. Furthermore, developing e g above since Λ(g 1 , 3) is infinitely generated there is an infinite number of terms in the series, and we do not know whether or not the series converge since no convergence properties have been established on Λ (g 1 , 3 ), even if Y j are represented by finite-dimensional matrices. These problems will be solved in the next section where we define a group associated to a given Lie algebra of order three.
We end this section by a final remark. Up to now we were considered complex elementary Lie algebras of order three. However, such algebras admit real forms. A real elementary Lie algebra of order three is given by a real Lie algebra g 0 and g 1 a real representation of g 0 which satisfy the axioms of complex elementary Lie algebras of order three. Of course when considering a real form of a complex g some structures are lost such that the grading map ε, the coproduct etc. At a first glance it seems that the dual algebra is also lost since its product involves explicitly complex numbers. However, we can forget the multiplication laws given previously and just keep the fact that this algebra is simply given by the set of polynomials and the three-exterior algebra. This is possible since Λ(g 1 , 3) can be defined consistently as a real algebra.
Group associated a Lie algebra of order three
By definition Lie algebras of order three have a hybrid structure with a binary and a ternary multiplication. Thus, since in a group we can always make the product of two elements, it seems at a first glance that it is not possible to define a group associated to a Lie algebra of order three. But we have seen in the previous section that it is possible to endow a Hopf structure on U(g) for any elementary Lie algebra of order three g = g 0 ⊕ g 1 = X i ⊕ Y a . Furthermore we have also seen that the dual of U(g 0 ⊕ g 1 ) is isomorphic to S(g 0 ) ⊗ Λ(g 1 , 3) (see Proposition 5.1) and the element e g , with g = α
) 2 is a group-like element. In a more formal language, it is known that if G is a simply connected Lie group, there is a duality between U(g) and F (G) (the vector space of complex valued functions on G). This means that F (G) is isomorphic to a subspace of U * (g) [24, 25] . Let us recall for completeness the classical remark concerning the existence of Hopf algebra morphism between the Lie group SL(n) and U(sl(n))
* . In this case F (SL(n)) is the commutative algebra with generators X i j , 1 < i, j < n satisfying the relation det X = 1 where X is the matrix with entries X i j . Then, SL(n) is provided with a Hopf algebra structure putting [24] 
But the Hopf algebra morphism [30] F (SL(n)) −→ U(sl(n)) * is injectif but not necessary surjectif. We obtain an isomorphism when we consider the restricted dual
where µ denotes the associative multiplication of U(sl(n)) i.e µ * the coassociative coproduct in U(sl(n)) * . This property holds for any simply connected algebraic Lie group. In this section we try to construct, considering U(g) * , a group corresponding to ∆.
6.1 The three-exterior hull associated to a Lie algebra of order three 
The zero-graded part of the algebra (Λ(3, V ) ⊗ g) 0 is called the three-exterior hull of the algebra g. It is denoted by g(Λ). Define now, Λ (3) = Λ(V, 3)⊗Λ(V, 3)⊗Λ(V, 3) (with three copies of the three-exterior algebra) and Λ (3) ⊗g, (with the twisted tensorial product). Introduce θ
Thus, if we define
we obtain
This new structure will be study elsewhere [31] . This is the analog for ternary algebras of the usual result for Lie superalgebras where the Grassmann hull (see e.g. [32] ) associate a Lie algebra to a Lie superalgebra.
Construction of the group
We are now ready to define a group associated to a Lie algebra of order three. Firstly, we are looking to the parameters associated to the various transformations corresponding to the generators of g. Since the dual variables of g 0 are commuting variables and the dual variables of g 1 are the generators of a three-exterior algebra, we assume that the parameters of a transformation in g 0 belong to C and the parameters a transformation in g 1 belong to Λ 1 (V, 3). We denote {X i , 1 ≤ i ≤ dim g 0 } a basis of g 0 and {Y a , 1 ≤ a ≤ dim g 1 } a basis of g 1 . Consider a generic element g = α i X i + η a Y a (in order to simplify the notation, we omit the tensor product in η a ⊗Y a ) of g(Λ) with α i ∈ C and η a ∈ Λ 1 (V, 3) (recall that since the canonical generators of Λ(V, 3) are of grade two, we have Λ(V, 3) 2 = k Λ 3k+1 (V, 3) ). Since the variables η a do not commute and are defined by ternary relations the naive definition e g would not be appropriate to define a group associate to g. Firstly, since we do not have any Baker-Campbell-Hausdorff formulae, the product of two such elements does not have the same form. Secondly, since Λ(V, 3) is infinitely generated, e Y (Λ2) , with Y (Λ 2 ) ∈ Λ(V, 3) 2 ⊗ g 1 , contains an infinite number of terms (even for a finite dimensional representation of g), and we do not know whether or not the series converge since no convergence properties have been established on Λ (V, 3) .
To solve the second problem, in order not to worry about any convergence problems, we assume that the matrix Y (Λ 2 ) ∈ Λ(V, 3) 2 ⊗ g 1 is nilpotent. Since the parameters of the transformation are the generators of
a which vanishes because (θ a ) 3 = 0). To solve the first problem, since g 1 is a g 0 −module we have (Because the transformation above corresponds to some internal automorphism.) We will thus define groups associated to Lie algebra of order three by an appropriate product of exponentials. It should be noticed that the group SL(2, R) is also defined from the algebra sl(2, R) by a product of (two) exponentials. and GG ′ ∈ G(Λ) because of (6.5). Moreover, if G = e 
which, by similar arguments as above, belongs to G(Λ Let us mention that groups associated to Lie algebras of order three was also defined in [29] using Hopf algebras. In this subsection we give an explicit construction which leads to the group GL , m 2 , m 3 ) . This group is then compared to some matrix group defined upon the three-exterior algebra.
The groups GL
Consider A(Λ 0 ) an n × n matrix whose entries belong to Λ(V, 3) 0 and define p 0 the canonical projection from Λ(V, 3) 0 onto C. However, for the higher order terms some care as to be taken. Indeed, the terms of degree six give:
Lemma 6.4 The matrix
But even though θ i θ j θ k θ ℓ θ m θ n are by definition of A(Λ 0 ) and B(Λ 0 ) independent elements of Λ 6 (V, 3), in general it is not true for θ 
(where the sum is taken over Roby sequences) and we get
0 . This procedure extends simply order by order.
Conversely assuming A(Λ 0 ) invertible leads easily to p 0 (A(Λ 0 )) is invertible. QED.
We consider Mat(m 1 , m 2 , m 3 , Λ) the set of matrices of the form: The formulae above make sense because of lemma 6.4. Furthermore, can also check by a direct inspection of (6.9) that A el 3 (m 1 , m 2 , m 3 , Λ).
In fact it is interesting to notice that following the lines of Proposition 6.2 various groups may be constructed. With the notations of Example 2.8, we define
β bc a ∈ C; Z P (θ) = P a (θ)Z a ; P a (θ) ∈ Λ(V, 3) 1 ; (6.11) with the matrices X i (resp. Y a , Z a ) being in the zero-graded part of mat(m 1 , m 2 , m 3 ) (resp. the grade one, two part) and all the matrices above but X being nilpotent. These matrices allow to define where e Y (θ) means that we take a product of matrices of the type Y (θ) in (6.11) etc. It is not difficult to check that these sets define various groups and that we have the following embedings
Notice that the group G el 1 (Λ) is the same than the group introduce in Proposition 6.2.
To conclude this section let us mention that several different kind of groups might be defined from the matrix group given in Proposition 6.6. Let A be an algebra generated by p canonical variables such that the mapping ρ : Λ(C p , 3) −→ A is a surjection, i.e. A ∼ = Λ(C p , 3)/Kerρ. If we define a set of matrices as in Proposition 6.6 but with the variables in A instead of Λ(C p , 3), it obviously forms a group. For instance, one can consider the algebra of parafermions (or paraGrassmann) ({θ [33] or the generalised Grassmann algebra (θ i θ j − qθ j θ i , i < j, (θ i ) 3 = 1) [8, 28, 34] . The former is infinite dimensional but admits via the Green ansatz a finite dimensional representation although the latter is finite dimensional.
